Abstract. In this work, several sharp bounds for theČebyšev functional involving various type of functions are proved. In particular, for theČebyšev functional of two absolutely continuous functions whose first derivatives are both convex, convex and belong to Lp-spaces, convex and bounded variation, convex and Lipschitz mappings new sharp bounds are presented. Other related results regarding two convex and concave functions are given.
Introduction
To compare the difference between the integral product of two functions with the product of the integrals, one may use the celebratedČebyšev functional
which has an important applications in numerical integration and approximation theory.
Two famous inequalities due to P. L.Čebyšev ([12] - [13] ) involving two differentiable mappings with bounded first derivatives and monotonic integrable mappings, which are respectively:
The inequality (1.2) is known as the firstČebyšev inequality and (1.3) is called the secondČebyšev inequality.
In recent years many authors took serious attentions to study both inequalities (1.2) and (1.3) through several approaches and different ways for various type of functions, the reader may refer to [1] , [2] , [4] - [8] , [11] , [14] - [16] , [18] , [20] and the references therein. For a comprehensive list of old results (before 1994) see [19] and for a new good list of references see [9] .
Among others, in order to study the difference between two Riemann integral means, Barnett et al. [3] have proved the following estimates:
we have the inequality
The constant 1/4 in the first inequality and 1/2 in the second inequality are the best possible.
Another result presented by Cerone and Dragomir [10] as follows:
The following bounds hold:
Recently, Hwang and Dragomir [17] proved the following result for absolutely continuous mapping whose first derivatives in absolute value is convex:
for all a ≤ x < y ≤ b, where 
for all λ ∈ [0, 1]. Taking the absolute value for the both sides, we get
which follows by the triangle inequality, and this proves the required result.
Theorem 1. Let a, b ∈ R, a < b and I be a real interval such that a, b ∈ I • (the interior of the interval I). Let f, g : I → R be two absolutely continuous functions on
The constant 1 12 is the best possible.
Proof. By applying the integration by parts formula; Dragomir in [16] obtained the identity (see also [7] ):
Utilizing the triangle inequality, we have
By Lemma 1 |g ′ (x)| is convex then by setting y = t and x = a in (1.6), one may obtain that
where the inequality (2.4) deduced from the previous inequality since |g ′ (x)| is convex. Substituting (2.4) in (2.3) and use the property that |f ′ (x)| is convex, we can state that
where M (a, b) and N (a, b) are defined above and we have used the max-law i.e., max {c, d} = To prove the second inequality in (2.1), substituting (2.5) in (2.3) and use the property that |f ′ (x)| is convex, we get
which proves the second inequality in (2.1). The sharpness follows by considering
The constants Proof. Using the integration by parts formula one may have
On the other hand, for L-Lipschitzian mapping p defined on [α, β] and a Riemann integrable function q defined on [α, β], the following inequality is well known in literature
So as f L-Lipschitzian on [a, b] by (2.7) and using (2.8), we have
Now, as |g ′ (x)| is convex then by setting y = t and x = a in (1.6), then (2.4) holds so by substituting (2.4) in (2.9) simple computations yield that
which proves the first inequality in (2.6) and the sharpness holds with f (x) = x and g(x) = 
The constant 
The constants 
As |g ′ (x)| is convex then (2.4) holds. By substituting (2.4) in (2.13) we get the first inequality in (2.11) and the sharpness holds with the functions f (x) = sgn t − and thus (2.11) can be written as:
, applying the Hölder inequality on the right-hand side of (2.3), we have
As g ′ is convex then (2.5) holds, so that by substituting (2.5) in (2.16) we get
, which prove the inequality (2.15). The sharpness is proved in Remark 4 below.
Remark 3. In (2.15) we have the following particular cases:
(1) If α = 1 and β = ∞, then we have 
The constants • h (β) is positive for all β > 1 (see Figure 1 ).
• h (β) increases for all β > 1 (see Figure 2 ).
• inf
h (β) = The dual case of (2.19) is incorporated in the following theorem.
Proof. As in the proof of Theorem 1, since f ′ and is convex on [a, b] and g ′ ∈ L ∞ by substituting d = t and c = a in (1.4), then by (2.2) we have
which proves the required inequality (2.20).
3. The case when f and g are convex (concave)
Another interesting inequality due toČebyšev is the following:
which are both monotonic in the same sense, then
The inequality is reversed if f and g are monotonic in opposite sense.
Seeking positivity of theČebyšev inequality (3.1), Atkinson proved that: Proof. The proof goes likewise the proof of Theorem 9, we omit the details. 
